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Abstract 

Stiffness is a common phenomenon in differential equations that 

describe models of dynamical systems.  Stiff initial value problems 

(IVPs) in ordinary differential equations (ODEs) pose challenges in 

their computation due to rapidly varying timescales in their solution 

components. In this study, a family of high order hybrid block methods 

with enhanced stability for stiff IVPs is developed. The technique of 

interpolation and collocation is used to determine the parameters of the 

hybrid block methods. The family of methods is shown to attain A-

stability of order p ≤ 14. Numerical experiments conducted on stiff IVPs 

show that the proposed family of methods has superior accuracy when 

compared to existing methods in the literature. 
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1.0  INTRODUCTION 

The analysis of most dynamical systems depends on 

solving differential equations that describe 

mathematical models representing these systems. 

However, certain classes of these models present 

significant challenges due to their distinctive 

mathematical properties, such as oscillation, 

singularities, and stiffness. Stiffness, in particular, 

frequently arises in applications like chemical 

reaction kinetics, electronic circuits, mechanical 

vibrations, and molecular dynamics [1], [2], [3], [4], 

[5]. Solving stiff initial value problems (IVPs) is 

computationally demanding because their solutions 

involve rapidly varying timescales. A numerical 

method for integrating stiff IVPs must be implicit, A-

stable, and cannot exceed order p =2, (see [6]). 
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Consequently, among linear multistep methods 

(LMMs), only the trapezoidal rule meets the A-

stability criterion and has the smallest error constant 

(EC). Explicit LMMs are generally unsuitable for 

stiff IVPs, as they either fail or require impractically 

small step sizes, leading to inefficient computations. 

These constraints significantly narrow the selection 

of viable numerical methods for stiff IVPs, as 

conventional schemes struggle under the strict step-

length restrictions imposed by stability requirements. 

Therefore, the development of numerical algorithms 

for stiff problems must carefully balance factors such 

as step-size selection, stability, accuracy, and 

computational efficiency. As a result, attention is 

given to constructing numerical schemes with 

optimal stability properties, minimal error constants, 

and large stability regions. 

 

A linear system with constant coefficients is given as 

0 0( , ( )) ( ), : , : , ( )m m my f t y t Ay t f y y t y = = +  → → =R R R R R  
(1) 

 

where A is an m-dimensional matrix with real 

coefficients and distinct eigenvalues, 
j , 

1,2, ,j m= , contained in the left half of the 

complex plane. The system (1) is stiff over the finite 

interval a t b   if for every t in the interval, the 

eigenvalues , ( 1,2, , )j j m =  of the Jacobian 

matrix 
f

J
y


=


 satisfy the following conditions: 

 

i.) Re( ) 0j  , 1,2, ,j m=  where Re( )j  is 

the real part of the complex root 

, ( 1,2, , )j j m = ;  

 

ii.) the ratio 
max

1
min

j

j





=  , for  

 

1,2, ,j m=  holds, and the parameter 

 is referred to as the stiffness ratio, [2], 

[7]. 

 

The general solution to (1) is given as 

 

1

( ) ( )j

m
t

j j

j

y t k e t

 

=

= + ,       (2) 

 

where , ( 1,2, , )jk j m=  are arbitrary constants, 

, ( 1,2, , )j j m =  are the eigenvectors 

corresponding to the eigenvalues  

, ( 1,2, , )j j m = , and ( )t  is a particular 

integral. The general solution of (1) is made up of the 

transient and steady-state solutions. The transient 

part of the solution 
1

0j

m
t

j j

j

k e



=

→  faster as 

t →  for Re( ) 0j  , so that the solution ( )y t  

approaches the steady state solution ( )t  

asymptotically as t → . As t → , the transient 

part of (2) decays monotonically if 
j   

1,2, ,j m= and sinusoidal if 
j   1,2, ,j m= . 

 

The development of multistep methods for tracking 

the solution of stiff IVPs has been an area of 

extensive research. Among these, Backward 

Differentiation Formulae (BDF) have been widely 

used due to their strong stability properties. BDF 

methods are A-stable for k = 1(1)2 and A(α)-stable 

for k = 3(1)6, making them effective for stiff 

problems. To further enhance their stability and 

accuracy, the BDF class was extended to the 

Extended Backward Differentiation Formulae 

(EBDF), which achieve A-stability for k = 1(1)3 and 

A(α)−stability for k = 4(1)8. Another important class 

of methods for stiff systems is the Enright formulae, 

which belong to the family of second derivative 

methods. These methods improve stability 

characteristics by incorporating second derivative 

terms, making them particularly useful for stiff 

problems requiring higher-order accuracy. Their 

design allows for better error control and improved 

efficiency, making them competitive alternatives to 

traditional BDF-based approaches. The Enright 

formula is given as 

2

1

0

k

n k n k j n j k n k

j

y y h b f h d f+ + − + +

=

− = + .   (3) 

 

The design of the method was to attain zero-stability 

as well as stability at infinity. Thus, the method (3) is 

A-stable for k = 1(1)2 and A(α)−stable for k = 3(1)7 

but unstable for k ≥ 8, [8]. One of the objectives of 

adding a second derivative term was to circumvent 

the Dahlquist order barrier on LMMs. 

 

To facilitate meaningful contribution to developing 

numerical methods with better accuracy, hybrid 

methods emerged as a promising alternative that 

incorporates function evaluations at off-node points. 
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This new class of formulae was simultaneously 

proposed by by Gragg and Statter, [9]. Hybrid 

methods preserve some features of linear multistep 

methods while also incorporating a key trait of 

Runge-Kutta methods. This includes the ability to 

use data at points beyond the step points, [10], [11]. 

This flexibility allows the methods to achieve higher 

accuracy and improved stability in solving 

differential equations. As a result, hybrid methods 

are particularly useful for stiff and non-stiff problems 

where both efficiency and stability are crucial. A new 

class of hybrid methods that incorporates off-step 

point within a step was introduced in [5]. Hybrid 

methods with multi-derivative of the function and 

additional off-step points in the first derivative of the 

solution to improve the stability regions was 

proposed in [9]. Recently, new hybrid block methods 

formulated in variable step-size mode were proposed 

in [12]. The emergence of methods with hybrid 

points brought potential reduction of the number of 

steps in traditional LMM while achieving enhanced 

stability. This represents a significant advancement 

in the development of numerical algorithms for stiff 

IVPs. Nonetheless, a disadvantage with hybrid 

methods is that a predictor is often required in a 

predictor-corrector (P-C) approach. A setback in this 

approach is that it is not economical in terms of time 

since the number of iterations is not determined a 

priori. In the literature, further innovations have seen 

the P-C approach deployed in other fashions. Though 

this approach has enhanced stability, there are 

complexities involved in its usability. Hence new 

approaches have since emerged as alternative to the 

P-C technique. 

 

Let the exact solution value ( )n iy t +  of the 

differential equation (1) be denoted by the 

approximation n iy +  at the point n i nt t ih+ = + . By 

specifying ( )1 2, , ,m i n ik n ik n ik kY y y y− − + − + − += , 

( )1 2( ) , , ,m i n i k n i k n i k kF Y f f f− − + − + − +=  and 

( )1 2( ) , , ,m i n i k n i k n i k kF Y f f f− − + − + − +
   = , 0, 1i = , 

( , 0,1, )n mk m= = , [13] considered a one-block 

k-point method as the matrix difference equation 
2

0 1 1 1 1 0 0m m m m mA Y AY hB F h B F h D F− −= + + + .  

    (4) 

Interests in block methods have emerged as an 

alternative to compute solutions to stiff IVPs due to 

high computational cost and time associated with 

other techniques. In [14], [15], block methods for the 

integration of stiff initial value problems were 

developed. Block methods with hybrid schemes were 

developed in [16], [17], [18]. 

 

In this study, we aim to develop a family of hybrid 

block methods from (3) using interpolation and 

collocation techniques. The proposed methods are 

designed to achieve A-stability for orders up to p ≤ 

14. By formulating the method in a continuous form 

and evaluating at specific points, a set of discrete 

schemes is derived, forming the hybrid block 

methods for solving Equation (1). The paper is 

structured as follows: Section 2 presents the 

construction of the hybrid block method, while 

Section 3 discusses its implementation and numerical 

results. Finally, Section 4 provides concluding 

remarks on the study. 

 

2.0  CONSTRUCTION OF THE HYBRID 

BLOCK METHOD 

Consider the numerical solution of (1) as a 

polynomial of the form 
1

0

( ) ( )
q s

j j

j

Y t t 
+ −

=

=  ,         (5) 

where 
j  are the required coefficients to be 

determined and ( )j t  the polynomial basis 

functions of degree  q+s+1. Let the number of 

interpolation points q and the number of distinct 

collocation points s be respectively chosen to satisfy 

q + s - 1. The proposed class of methods is 

constructed from (3) by specifying ( ) j

j t t = , 

0,1, ,j k= ,  and by imposing the conditions 

 

0ny =                        (6) 

 
1

1

1

( )
i

q s
j

j n v

j

y t j t f
+ −

−

+

=

 = = ,
2
, 0,1,2, , 2i

iv i k= =   (7) 

 
1

2

2

( ) ( 1)
i

q s
j

j n v

j

y t j j t f
+ −

−

+

=

 = − = ,  iv .    (8) 

 

Interpolating at nt  and collocating at 

2
, 0,1,2, , 2i

iv i k= =  intra-step points leads to a 

system of 2k + 3 equations. The resultant system of q 

+ s - 1 equations from interpolation and collocation 

of the equations (6), (7) and (8) is given in compact 

form as 

http://creativecommons.org/licenses/by-nc-nd/4.0/
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2 3 1 1 2 13 31 1 1 1 1
2 2 2 2 2 2 2

2 3 1 1 2 13 3 3 3 3 3 3
2 2 2 2 2 2 2

2 3

1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 1 2 ( ) 3 ( ) 4 ( ) ( ) ( 1) ( ) ( 2) ( ) (2 2) ( )

0 1 2 3 4 1 2 2 2

0 1 2 ( ) 3 ( ) 4 ( ) ( ) ( 1) ( ) ( 2) ( ) (2 2) ( )

0 1 2 2 3 2 4 2

k k k k

k k k k

k k k k

k k k k

k k k k

k

− + +

− + +

    +  +  + 

+ + +

    +  +  + 

   

0

1

1 1 2 1

2 3 1 1 2 1

2 2 1 2 1

2 ( 1) 2 ( 2) 2 (2 2) 2

0 1 2 3 4 ( 1) ( 2) (2 2)

0 0 2 3 2 4 3 ( 1) ( 1) ( 1) ( 1) (2 2)

k k k k

k k k k

k k k k

i i i i i i

k k k

k k k k k k k k k k k

v v k k v k k v k k v k k v





− + +

− + +

− − +

 
 
 
 
 
 
 
 

+  +  +  
 
 

 +  +  +  
 

     −  +   +  +  +   

1
2

3
2

2

13

4

5 2

2 1

2 2
i

n

n

n

n

n

n

k n k

k n v

y

f

f

f

f

f

f

f













+

+

+

+

+ +

+ +

  
  
  
  
  
  
   =   
  
  
  
  
  
      

  

The system of equations generate the coefficients 
j  

that are replaced in (5). With some algebraic 

manipulations, the continuous formulation of the 

second derivative hybrid scheme is generated as 

 
1

2

0

( ) ( ) ( ) ,
i i

q s

j n v j n v

j

Y t h b t f h d t f
+ −

+ +

=

= +     (9) 

 

where 
2
, 0,1,2, ,i

iv i k= = are intra-step points 

1 2 1
2 2

1, , , , ,kn n n kn n
t t t t t−+ ++ +

. 

 

The structure of the block method has matrices 

 

0

1 0 0 0

0 1 0 0

0

0 0

0 0 0 1

A

 
 
 
 =
 
 
 
 

, 
1

0 0 0 1

0 0 0 1

0 0 0 1

0 0 0 1

A

 
 
 
 =
 
 
 
 

,   

 

10

20

1 30

0

0 0 0

0 0 0

0 0 0

0 0 0 k

b

b

B b

b

 
 
 
 =
 
 
 
   

 

11 12 13 1

21 22 23 2

0 31 32 33 3

1 2 3

k

k

k

k k k kk

b b b b

b b b b

B b b b b

b b b b

 
 
 
 =
 
 
 
 

,  

 

 

 

 

 

1

2

0

1

0 0 0

0 0 0

0 0 0 0

0 0 0 0

k

k

k k

kk

d

d

D

d

d

−

 
 
 
 =
 
 
 
 

 . 

 

Given that the matrices 0A  and 1A  are defined a 

priori from the structure of the hybrid block scheme 

(4), the matrix coefficients of the family of hybrid 

block methods are: 

 

Two-Point Hybrid Block Method 

1

7
0

1

48

6
0

B

 
 
 
 
 



=



,  0

3

1

3 48

2 1

1

6

B

 
− 

 
 

 

=



,  

 

0

0

1

0

0
16D

 
− =
  
   

 

Four-Point Hybrid Block Method 

1

367
0 0 0

2880

53
0 0 0

360

49
0 0 0

320

7
0 0 0

45

B

 
 
 
 
 
 
 
 
 
 
 

=

, 

0

421 47 29 7

1440 480 1440 2880

4 2 4 1

5 15 45 120

117 27 67 9

160 160 160 320

32 4 32 7

45 15 45 45

B

 
− 

 
 −
 
 
 
 


 

=




,  

 

0

3
0 0 0

32

1
0 0 0

12

3
0 0 0

32

0 0 0 0

D

 
− 
 
 
 =
 
 −
 
 
 
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Six-Point Hybrid Block Method 

1 0

28549 112223 5717 10621 7703 403 199
0 0 0 0 0

241920 483840 26880 120960 241920 53760 241920

1027 97 1993 394 97
0 0 0 0 0

7560 105 7560 945

253
0 0 0 0 0

1792
,

136
0 0 0 0 0

945

7045
0 0 0 0 0

48384

41
0 0 0 0 0

280

B B

 
− − 

 
  −
 
 
 
 
 
 
 
 
 
 
 


 

= =



23 19

840 945 7560

1485 2403 17 3267 513 47

1792 8960 35 8960 8960 8960

752 2 1312 158 16 2

945 105 945 945 105 189

8375 3125 25625 625 52205 1375

10752 48384 24192 5376 96768 48384

27 27 34 27 27 41

35 280 35 280 35 280

 
 
 
 −
 
 
 − −


 − − −



−



 

0

275
0 0 0 0 0

2304

2
0 0 0 0 0

9

45
0 0 0 0 0

, 128

2
0 0 0 0 0

9

275
0 0 0 0 0

2304

0 0 0 0 0 0

D

 
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 
 
 
 
 −

=  
 
 
 
 

− 
   

  
 

 

 

Eight-Point Hybrid Block Method

 
1 0

5912189324901
0 0 0 0 0 0 0

3622903040
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453600

23887
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,
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 
 
 
 
 
 
 
 
 


=

 


=


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88000 1814400 226800 1451520

14692 660143 15458 22703
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− −
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521

5 453600

11079 3047 2223 387
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19072 3944 128 209
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400565 12875 3125 3625
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2

− −
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−
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−
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 
 
 


−


 
 
 
 
 
 
 
 
 
 
 
 
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 
 
 
 −
 
 
 

=  
 

− 
 
 
 
 
 

−
 
 
 
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   Ten-Point Hybrid Block Method 

1

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0

5

0 0 0 0 0 0 0

0 0

41198923

383201280

1837879

14968800

3016537

23654400

243119

1871100

10068395

76640

3

0 0 0 0 0 0 0
256

4891

36960

36409 31

27

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0

3715200

62462

4
0 0 0 0 0

0 0

6

0

77

0
0 0 0

75

0 0 0
1

B =

6117

7884800

80335

598
0 0 0 0 0 0 0 0 0

752

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

 

0

4776367597 342968359 14221079

53648179200 638668800 31933440
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B
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2007 4941 2243

2200 8800 770
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28086669 4656123 4600881
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−
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−
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5

12474
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−
5875
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127629 71523 93133
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15892219 51662317 6696389
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9155511 30244023 10066113
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24125 89035 24125

11088 24948 110

− −

− −

− −

− −

− −

9471361 14825963

159667200 894136320

55553 8951

311850 184800

1379727 144099

3942400 1576960

19904 97459

31185 623700

7757875 6752125
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3850 12320

6182071 103219333

1824768 91238400
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−
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−
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−

−
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 
 
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 
 
 
 
 
 
 
 
 
 
 
 

−
 
 
 −
 
 
 
 
 
 
   

 

0
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28672

592
0

945

8967
0

5120

0

202025
0

5

0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 3 0 0 0 0 0

0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0

0 0 0 0 0 0
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0
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0
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0
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0

0 0
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D

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



−








−

−

−
=

−










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Twelve-Point Hybrid Block Method 

1

217828596101
0 0 0 0 0 0 0 0 0 0 0

2092278988800

9685910551
0 0 0 0 0 0 0 0 0 0 0

81729648000

5296955957
0 0 0 0 0 0 0 0 0 0 0

43051008000

45727447
0 0 0 0 0 0 0 0 0 0 0

364864500

10603337425
0 0 0 0 0 0 0 0 0 0 0
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0
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 
 
 
 
 
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 
 
   

 

2.1  Order, Error Constants and Stability of 

Hybrid Block Method (4) 

In this section, the fundamental properties of 

Equation (4) are examined to determine the order, 

error constants, and stability of the hybrid block  

 

 

method. The order p of the method is established 

based on the following condition: 

Let (1,1, ,1)Te =  and 
1 2( , , , )T

kc v v v= . 

0 1C e A e= −  
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1

1 1 0C c B e B e= − −  

2 1 0

2 0 02 2C c B c D c= − −  

3 2 1

3 0 03 6C c B c D c= − −  

4 3 2

4 0 04 12C c B c D c= − −  

Therefore: 
1 2

0 0( 1) , 5,6,j j j

jC c j B c j j D c j− −= − − − =
 

 

Note that the powers of the vectors of 
jC  are 

component-wise. The block method (4) is of order p, 

and 0jC =  for 0,1, ,j p= ,  
1 0pC +  . 

 

Lemma 1 

The order of hybrid block method (4) is p = 2k + 2.  

 

Proof 

Suppose that 
mZ  is the exact solution to (1), then the 

local truncation error 
mE  is given as 

 
2

1 1 1 1 0 0|| || ( ) ( ) ( )m m m m m m mE Z Y AY h B F Y hB F Y h D F Y− −
= − − − − −  

2 3 (2 3) 2 4

1 ( ) ( )k k k

pC h Y t h+ + +

+= +        (10) 

 

where || ||  is the maximum norm and 
2 3 (2 3)

1 ( )k k

pC h Y t+ +

+
 is the principal truncation error. For 

the two-point block method, the local truncation error 

for each constituent scheme is 

( ) ( )( )5 55 6 51 1
5760 2880

6( ) ), )( ( ) (
T

ht th y O h h y O− + − + , 

the error constant is ( )1 1
5760 2 805 8

,
T

C − −=  and the 

order is ( )4,4
T

p = .         

  
The error constants are shown in Table 1 for the 

hybrid block methods. 

 

Table 1: Error constants of hybrid block method (4) 

k Error Constant 

 

1 

 

  ( )1 1
5760 2880

,
T

− −  

2 107 3 1
, , ,

7741440 30240 57344 5 2

1

1 1 0

T

−
 



− − 


−  

 

3 
6031 233 9 31 1625 9

, , , , ,
3715891200 58060800 1433600 3628800 148635648 716800

T

−
 
 


− − −


− −  

 

4 
1129981 22063 3649 37 61525 299 1570597 37

, , , , , , , ,
4904976384000 38320128000 4037017600 29937600 39239811072 157696000 700710912000 14968800

T

−


−


 


− − − −


− −

 

 

5 
35661419 15378107 386691 259073 673175 69939

, , , , , ,
973860765696000 167382319104000 2671771648000 1307674368000 2678117105664 229605376000

156529079 67157 6849279
, , ,

437243609088000 163459296000 14694744064000

− − − − − −

− − −
673175

1339058552832

T

−

 
 
 
 
 
 

 

 

6 
45183033541 110830703 3745741 356102275 753 1294135129

, , , , , ,
7198778780024832000 7030057402368000 109844646912000 8227175748599808 14350336000 20987693236224000

486371 263485143
,

6865290432000 32916226703360

− − − − − −

− −
5015525 64572255121 753

, , ,
00 56240459218944 654434434547712000 7175168000

T
 
 
 
 
 


− − −


 

 

Lemma 2 

(i) The new hybrid block method (4) is zero-

stable. 

(ii) The new hybrid block method (4) is 

convergent. 

(iii) The new hybrid block method (4) is A-

stable of order . 

 

Proof 

(i) The zero-stability of (4) is examined as 

( )0 1det 0A w A − =  
1( 1) 0kw w− − =

   (11) 

 

By computing the roots of the first characteristic 

polynomial, it is observed in (11) that all the roots lie 

inside, with only the principal root on the boundary, 

of the unit circle. Hence, the hybrid block method is 

zero-stable.  

(ii) The hybrid block method (4) is consistent of order 

4k  , and zero-stable. Hence it is convergent. 
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(iii) By applying the hybrid block method (4) to the 

test equations y y = −  and 
2y y = − , it 

yields the stability polynomial 

 
2

0 1 1 1 1 0 0( , ) det( )m m m m mw z A Y AY hB F h B F h D F − −= − − − − .   (12) 

 

The boundary locus technique was deployed to 

determine the regions of absolute stability of the 

method (4). It was established that the new hybrid 

block method (4) attains A-stability for   as 

presented in Fig. 1. The figure shows that the k-point 

hybrid block method (4) is A-stable of order  

as the stability region   encompasses the left half 

of the complex plane, { | Re( ) 0}z z   .         

        

 
Figure 1. Boundary locus plot of hybrid block  

method (4) for  

 

3.0  IMPLEMENTATION, NUMERICAL 

RESULTS AND THEIR DISCUSSION 

In this section, the implementation of the hybrid 

block method (4) on linear and non-linear IVPs is 

outlined. The numerical findings of the hybrid block 

methods are presented to demonstrate their 

superiority and effectiveness for the solution of stiff 

IVPs in ODEs. The computations were done using 

our custom code implemented in the MATLAB 

R2021b environment on a 64-bit computer. The 

application of (4) to integrate a system of stiff IVPs 

(1) results into algebraic system of the form 

 
2

0 0 0 1( ) ( )m m m mA Y hB F Y h D F Y  −
= + + ,        (13) 

 

where 
2

1 1 1 1 1 1 1( ) ( )m m m mAY hB F Y h D F Y − − − −
= + +  

is a known function of previously computed set of 

values. This equation must be solved for the vector 

mY  at each cycle of integration and this can be 

solved by fixed point iteration or by solving 

 
2

0 0 0 1 1( ) ( ) ( ) 0m m m m mF Y A Y hB F Y h D F Y − −
= − − − = , (14) 

 

by some form of Newton’s iteration. By solving the 

algebraic system (13) using the fixed point iteration 

destroys the good stability property of the 

implicitness of such numerical method. Thus, to 

maintain their good stability property, its implicitness 

is better resolved by using any modified Newton-

Raphson’s technique, [13]. The Newton iteration 

takes the form 

 
[ 1] [ ] 1 [ ]( )r r r

m m mY Y J F Y+ −− = −        (15) 

 

where 0,1,r =  and the matrix J  is the Jacobian 

matrix. 

 

Numerical results generated by the family of 

methods are compared to numerical solutions 

generated by the following methods proposed in the 

literature: 

i. The GCE2BD5 in [19]. 

ii. The multi-derivative multistep method in [20]. 

iii. Order six block integrators in [21]. 

iv. Second derivative methods of class 1 and class 

2 in [22]. 

 

Test Problems 

The following test problems are outlined for the 

numerical experiment of the methods developed in 

this study. Existing exact solutions are used as 

benchmarks for verifying the accuracy of the method, 

[23]. Comparisons on the basis of absolute error was 

made using the method, [24]. 

 

Test Problem 1 (cf. [18], [20]) 

Consider an epidemiological model that provides 

insight into the dynamics of infectious diseases in a 

closed population over time given as 

(1 )S S IS  = − −          (16) 

( )I I IS   = − + +          (17) 

R R I  = − +           (18) 

 

where the parameters  ,   and   are positive. 

Define ( )y t S I R= + + , such that S, I and R denote 

susceptible, infected and recovered individuals 

respectively. Adding (16), (17) and (18) results to 
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1 1
2 2

(1 ), (0) ,y y y  = − = = .   (19) 

 

The exact solution of (19) is given

 ( ) 1 ty t e  −= − . 

The absolute error over the finite interval 0 ≤ t ≤ 1 

for the IVP (19) was recorded when the hybrid block 

method (4) of order 6 was used for its integration. 

This was compared to the methods in [21] and [20] 

of the same order using h = 0.1. The numerical 

results are shown in Table 2 and the solution plot is 

shown in Fig 2. 

 

Test Problem 2 (cf. [22], [19]) 

Consider the initial value problem 

 

1 1 2 1

2 1 2 2

( 1) , (0) 1

( 1) , (0) 1

t

t

y y y e y

y y y e y

   

   

−

−

 = − − + + − =

 = − + − − =  
 

with exact solution 
1 2( ) ( ) ty t y t e−= =  and 

3( )y t t= . 

 

The hybrid block method (4) of order 8 was applied 

to integrate this problem at various points using step 

size ℎ = 0.09. The numerical results of this 

experiment are shown in Table 3 along with results 

from methods proposed in the literature. The solution 

plot is shown in Fig 3. 

 

 

 

 

 

Table 2. Absolute Error  || ( ) ||i ihy t y−   of Test 

Problem 1 

t Method 

in [21] 

p = 6 

Method in 

[20] 

p = 6 

New Hybrid  

  p = 6 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

2.0×10−11 

3.0×10−11 

1.0×10−10 

2.0×10−10 

1.0×10−10 

2.0×10−10 

1.0×10−10 

2.0×10−10 

3.0×10−10 

3.0×10−10 

3.766×10-12 

2.498×10-12 

3.013×10-12 

2.408×10-12 

5.374×10-12 

4.225×10-12 

4.538×10-12 

3.943×10-12 

6.274×10-12 

5.242×10-12 

2.331×10-14 

2.331×10-14 

4.219×10-14 

4.219×10-14 

5.729×10-14 

5.729×10-14 

6.017×10-14 

6.917×10-14 

7.827×10-14 

7.827×10-14 

 

 

 
Figure 2. Solution Plot for Test Problem 1 

 

 

Table 3. Absolute Error  || ( ) ||i ihy t y−   of Test Problem 2 

t yi Class 1 in 

[22] 

p = 8 

Class 2 in 

[22] 

p = 8 

GCE2BD in 

[19] 

p = 8 

New Hybrid 

p = 8 

 

4.5 

  

 

9.0 

  

 

 13.5 

  

 

18.0 

y1 

y2 

 

y1 

y2 

 

y1 

y2 

 

y1 

y2 

0.1 × 10−10 

0.1 × 10−10 

 

0.1 × 10−12 

0.1 × 10−12 

 

0.1 × 10−15  

0.1× 10−15 

 

0.1 × 10−17  

0.1 × 10−17 

0.1 × 10−10  

0.1 × 10−10 

 

0.1 × 10−12  

0.1 × 10−12  

 

0.1 × 10−11  

0.1 × 10−11  

 

0.1 × 10−11 

0.1 × 10−11 

0.6 × 10-14 

0.8 × 10-15 

 

0.3× 10-16 

0.1 × 10-16 

 

0.8 × 10-18 

0.5 × 10-18 

 

0.1 × 10-19 

0.2 × 10-20 

0.1 × 10-16 

0.6 × 10-17 

 

0.8 × 10-19 

0.1 × 10-18 

 

0.1 × 10-20 

0.6 × 10-21 

 

0.8 × 10-23 

0.1 × 10-23 

 

0 0.2 0.4 0.6 0.8 1

  

0.

5  

0.52  

0.54  

0.56  

0.5

8  

0.6  

0.62  

0.6

4  

0.6

6  

0.68 

0.7  

y(t) 

Hybrid 

Order 6  Exact 

y  

http://creativecommons.org/licenses/by-nc-nd/4.0/


11 Akai et al. (2026) 

 

 © 2026 by the author(s). Licensee NIJOTECH.                                                               Vol. 45, No. 1, March 2026 
This article is open access under the CC BY-NC-ND license.                                                                   
https://doi.org/10.4314/njt.2026.4845 
http://creativecommons.org/licenses/by-nc-nd/4.0/ 

 
Figure 3. Solution Plot for Test Problem 2,  

h = 0.09, t = 4.5 

 

3.1  Discussion of Results 

For Test Problem 1, the hybrid block method of order 

6 was applied and the absolute error recorded over 

the finite interval 0 ≤ t ≤ 1. The result of the hybrid 

block method was compared to the method in [21] 

and the method in [20] of the same order using h = 

0.1. The hybrid block method outperformed the 

methods in comparison. The results are shown in 

Table 2, and the solution plot in Fig 2. For Test 

Problem 2, the hybrid block method of order 8 was 

applied to integrate the problem at various points 

using step size ℎ = 0.09. The results were compared 

to the GCE2BD5 in [19] and the E2BD  in [22]. The 

new hybrid block method showed superior accuracy 

than the methods in comparison. The numerical 

results are shown in Table 3 and solution plot in Fig. 

3. 

 

4.0  CONCLUSION 

In this study, a family of hybrid block methods was 

developed for solving stiff initial value problems 

(IVPs) in ordinary differential equations (ODEs). 

These methods were constructed using interpolation 

and collocation techniques to enhance their stability 

and accuracy. It was demonstrated that the proposed 

family includes methods that are A-stable for orders 

up to , making them highly effective for stiff 

systems. Numerical experiments confirmed that the 

new methods outperformed existing approaches in 

terms of accuracy, particularly for challenging stiff 

problems. Additionally, the hybrid block structure 

provided computational efficiency by allowing 

simultaneous evaluation at multiple points. These 

results highlight the potential of the proposed 

methods for improving the numerical treatment of 

stiff ODEs. 
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